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Abstract
Considering the discontinuous characteristics of sea ice on various scales, a modified discrete element mod-

el (DEM) for sea ice dynamics is developed based on the granular material rheology. In this modified DEM,
a soft sea ice particle element is introduced as a self-adjustive particle size function. Each ice particle can
be treated as an assembly of ice floes, with its concentration and thickness changing to variable sizes un-

der the conservation of mass. In this model, the contact forces among ice particles are calculated using a
viscous-elastic-plastic model, while the maximum shear forces are described with the Mohr-Coulomb fric-

tion law. With this modified DEM, the ice flow dynamics is simulated under the drags of wind and current
in a channel of various widths. The thicknesses, concentrations and velocities of ice particles are obtained,

and then reasonable dynamic process is analyzed. The sea ice dynamic process is also simulated in a vortex
wind field. Taking the influence of thermodynamics into account, this modified DEM will be improved in

the future work.
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1 Introduction

In the polar and sub-polar regions, sea ice plays an impor-

tant role in the global climate and sometimes brings a series of

engineering problems. To solve sea ice problems on various s-

cales, the numerical simulations of sea ice dynamics have been

investigated for decades. In the previous studies, most of the

numerical models of sea ice dynamics were described with the

continuum mechanics via the development of a series of nu-

merical methods and constitutive model.

For the studies of numerical methods for sea ice dynam-

ics, the Eulerian Finite Difference Method (FDM) (Hibler, 1979;

Zhang and Lepparanta, 1995; Wu et al., 1998; Su et al., 2005),

the Lagrangian smoothed particle hydrodynamics (SPH) and

material-point method (Gutfraind and Savage, 1998; Ji et al.,

2005; Sulsky et al., 2007), the coupled Lagrangian-Eulerian

particle-in-cell (PIC) and Hybrid-Lagrangian-Eulerian (HLE)

models (Flato, 1993; Liu et al., 2006; Ji et al., 2007) were devel-

oped. For the constitutive models, a viscous plastic (VP) mod-

el (Hibler, 1979), elastic plastic (EP) model (Coon et al., 1974),

elastic-viscous- plastic model (Hunke and Dukowicz, 1997; Ji

et al., 2005), and anisotropic models (Hibler, 2001; Coon et al.,

1998; Pritchard, 1998) were established. With the numerical

methods and constitutive models above, sea ice dynamics have

been simulated numerically in various cold regions.

In the field observations and satellite images, it is shown

that the sea ice clearly performs as granular materials, and a

level ice, an ice ridge, a rafted ice and open water appear to-

gether (Tremblay and Mysak, 1997; Overland et al., 1998; Schul-

son, 2004). The ice floes have a wide size range, which can be

more than 100 km on the large scale, or less than 1 m on the

small scale (Overland et al., 1998; Dempsey, 2000; Hibler, 2001).

This discrete distribution of sea ice has been noticed in the early

1980s, and it was observed that the ice cover performs as gran-

ular materials (Rothrock et al., 1984). The granular theory was

adopted firstly to simulate the ice floe collision in broken ice

fields with regular disks (Shen et al., 1986; Lepparanta et al.,

1990). Recently, the ice particle has been modified as irregular,

and has been applied in the formation of ice ridge on a meso-

scale, and sea ice evolution in the arctic on a large scale (Hoy-

land, 2002; Hopkins et al., 2004; Hopkins and Thorndike, 2006).

In the DEM of sea ice dynamics, the ice field is divided in-

to a series of discrete elements under Lagrangian coordinate.

Each ice element has its own thickness, velocity and size. Con-

sidering the coagulation of ice floes, the ice breakup, rafting and

ridging can also be simulated. The DEM has potentially good

accuracy, as it has accurately fixed and free boundary edges to

handle the complex boundary conditions. It can examine both

aggregate and local behavior in an ice field. In addition, the
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DEM resembles the physical nature of sea ice dynamics. There-

fore, the DEM of sea ice dynamics has the advantages of strong

physical meaning, and high computational accuracy.

In the conventional DEM, the ice cover is described as

rigid blocks with constant size and thickness, but the param-

eters of ice blocks cannot be determined accurately. Moreover,

the high computational cost of DEM is its major shortcoming.

Therefore, a modified DEM is introduced to sea ice dynamic-

s in the present study. In this modified DEM, sea ice is mod-

eled as an assembly of circular ice floes. Contacts are non-

instantaneous and multiple contacts can occur simultaneously

for each particle. Contact forces are modeled as viscous-elastic

forces with a friction limit for the tangential component. Ridg-

ing effects are modeled by allowing particle size to change when

contact stress exceeds a plastic yielding strength.

The novelty lies in the particle plastic deformation, which

can model the ice rafting and ridging with dynamic particle size,

thickness and concentration. To verify this modified DEM, two

numerical cases of sea ice dynamics are carried out. One is the

ice flow process in a channel with various widths, the other is

the ice dynamics in a vortex wind field. Last, the improvements

and applications of this model are discussed.

2 Modified discrete element model for sea ice dynamics

In this modified DEM, the ice particle is an assembly of ice

floes. In this way, the contact force model of ice particles is re-

lated to its concentration and thickness. The ice particle size

can be adjusted under the actions of external and internal ice

forces. The normal contact force is determined by the plastic

deformation of the ice particle. The ice rafting and ridging can

be modeled by allowing the particle size and concentration to

change when the normal contact stress exceeds its plastic yield-

ing stress.

2.1 Momentum equation

The momentum equation for the motion of the ice ele-

ment is governed by ice interactions, wind and water forces,

Coriolis force, and ocean tilt effect. For each ice element, the

momentum equation can be written as

M
dV

dt
=−M f K ×V +τa+τw−M g∇ξw + Fc, (1)

where M is the ice mass per unite area, M = Nρih i, where ρi

is the ice density, h i is the ice thickness, and N is the ice con-

centration; V is the ice velocity vector, f is the Coriolis param-

eter, K is the unit vector normal to the ice surface; τa and τw

are the air and water stresses, here we have τa = ρaCa |Vai|Vai,

τw = ρwCw|Vwi|Vwi. ρa and ρw are the densities of air and cur-

rent, Ca and Cw are the drag coefficients of wind and current.

Vai and Vwi are the wind and current velocity vectors relative to

the ice; g is the gravity; ξw is the ice surface height, and Fc is

the force vector of one ice particle contacting with its neighbors.

The key to this momentum equation is to determine the contact

force vector Fc.

2.2 Contact force model of sea ice particles

The discrete element model for granular material simula-

tions was established in the late 1970s, and has been improved

greatly recently. Here, we use a viscous-elastic model with the

Mohr-Coulomb friction law to simulate interactions among ice

particles.

The interactions among ice particles are determined with

the elastic-viscous-plastic contact model. The contact force

model consists mainly of three components: normal and tan-

gential damping forces proportional to velocity, normal and

tangential elastic forces based on stiffness and overlap distance,

and the shear sliding force based on the Mohr-Coulomb friction

law. The contact force model is shown in Fig. 1, where M A and

M B are the mass of ice particles A and B, Kn and Ks are the nor-

mal and tangential stiffness, Cn and Cs are the normal and tan-

gential damping coefficients, µ is the friction coefficient. Us-

ing the contact force model above, the normal and tangential

forces of two contact particles can be calculated. While the two

ice particles, the contact force vector Fc can be determined by

considering the contact direction of the two particles.

Fig.1. Contact force model for granular collision.

The normal force Fn consists of an elastic component

Fe and a viscous component Fv, and also be determined with

the plastic force when plastic deformation occurs of ice cover.

While the normal force can be determined with

Fn =min(Fe+ Fv, Fp), (2)

where the plastic force is calculated with

Fp = h iNiD̃σp, (3)

where h i and Ni are the ice thickness and concentration, D̃ is

the effective contact length of the two ice particles, and can be

set as the mean diameters of the two ice particles. σp is the plas-

tic force, and will be discussed in details in the next section.

The elastic and viscous forces can be written as

Fe = Knxn ,

Fv =−Cnvn, (4)

where xn and vn are the normal displacement and the normal

velocity of two contact ice particles.

Consider the influence of ice concentration, the normal s-

tiffness coefficient Kn can be written as a function of concentra-

tion as

Kn = E h i

�

Ni

Nmax

�j

, (5)

where E is the elastic modulus; Nmax is the maximum ice con-

centration and j is an empirical constant. Usually, we have
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j=15 (Shen et al., 1990).

The normal damping coefficient can be calculated as

Cn = ζn

p

2M Kn, (6)

ζn =
− ln e
p

π2+ ln2 e
, (7)

where ζn is the dimensionless normal damping coefficient, e is

the restitution coefficient, M is the mean mass of two particles.

A slip condition is implemented on the tangential com-

ponent. The tangential force is modeled by the spring-dashpot

system until the friction limit, where the tangential force is then

modeled by friction laws. The friction limit is defined as

Ft =min(Ksxs −Csvs,µFn), (8)

where vs is the shear component of particle velocity; and µ is

the coefficient of friction. The normal and tangential stiffness

and damping coefficients have the relationship of Ks = αKn,

Cs = βCn. Usually, we have values of α=1.0, β=0.0 (Ji et al.,

2008).

2.3 Normal contact force with plastic deformation

This modified DEM adopts the concept of smoothed par-

ticle of hydrodynamics (SPH) approach, and one ice particle is

an assembly of small ice floes. Therefore, the ice particle is not

a real ice block, with its statistical information depending on its

ice floes inside.

In this modified DEM, the plastic deformation method is

first proposed, which can describe the ice rafting and ridging.

Since one particle in the DEM is constructed as an assembly of

ice floes, the particle size can be adjusted based on the interac-

tions with its neighbors, and its concentration and mean thick-

ness can also be changed accordingly (Fig. 2). The sea ice floes

have an initial dense packing in a sea ice package with high con-

centration (as shown in Fig. 2a). Under the wind and current

actions, the ice cover can be packed into loose or dense condi-

tions (as shown in Figs 2b–c). In the dynamic process of ice par-

ticle size, the total mass of the ice particle is constant. When the

concentration approaches its maximum value Nmax, the mean

thickness will increase with the decreasing of particle size (Fig.

2d).

Fig.2. Dynamic evolution process of sea ice particle in the modified DEM.

The determination of the ice particle size, thickness and

concentration are based on the calculation of the normal stress

and the plastic deformation. The plastic deformation is mod-

eled by changing the particle diameter, the concentration, and

thickness, while the particle mass stays constant. The thickness

only changes when concentration reaches a maximum limit.

When rafting or ridging effects are induced, the normal elas-

tic force is limited by a plastic stress σp. Ignoring the cohesion

force among ice particles, the plastic stress was introduced by

Shen et al. (1990) as

σp = tan2

�

π

4
+
φ

2

��

1−
ρi

ρw

�

ρi g h i

2

�

Ni

Nmax

�j

, (9)

where φ is the ice internal friction angle. If the normal stress

exceeds σp, normal stress is set to σp and the plastic deforma-

tion occurs. In this way the model includes rafting and ridging

effects. The plastic deformation is defined as the difference be-

tween the total deformation and the elastic deformation, where

the total deformation is the compression distance xn , and e-

lastic deformation is deformation due to the maximum elastic

stress,σp.

A Mohr-Coulomb yielding limit is imposed on the parti-

cles to represent ice ridging. Any stress exceeding the yielding

criterion on the particle will result in particle deformation. The

yielding criterion in the model is only dependent on the com-

pressive stress and can be determined with Eq. (9). Consider-

ing the thermodynamics and adhesion among ice particles, the

refreezing and break-up of the ice cover can be described accu-

rately.

2.4 Computational time step and ice particle neighbor search-

ing

In the linear viscous-elastic contact force model, the bina-

ry contact time of two single particles can be defined as

Tbc =
π
Æ

2Kn

M

�

1−ζ2
n

�

, (10)

where Tbc is the binary contact time. In the linear force mod-

el, it is a constant determined by the particle size and material

properties, and can be used to describe the granular flow char-

acteristics. In the numerical simulation of the granular flow, the

computational time step is usually set as 1/20 of the binary con-

tact time.

In the DEM numerical simulation, particle contacts (par-

ticle overlaps) must be found to determine the resulting forces

on the particles. Two search procedures exist which are typical-

ly used in determining particle overlap: grid search and direct

search. In the Grid Search method, the domain of the ice floe is

partitioned into a grid (Eulerian technology). The grid dimen-

sions are determined such that only one particle can fit into a

grid. When searching for particle contacts, only the neighbor-

ing cells of the particle of interest are investigated. The Direc-

t Search method sets the frame of reference on the particle of

interest (Lagrangian technology) as depicted. The distance be-

tween the centers of every pair of particle is calculated. If this

distance is less than the sum of the diameters of the particles,

they are stored as potential contacts. The grid system works

well for floes of constant particle size. However, when dealing

with variable size particles, it is not possible to make a grid sys-
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tem where only one particle can fit into a grid. The present im-

plementation of the modified DEM uses the direct search tech-

nique to detect particle-particle contacts.

3 Numerical Simulation of Sea Ice Dynamics with Modified

DEM

To examine the reliability of this modified DEM, two nu-

merical cases of sea ice dynamic processes in a channel with

various widths and in a vortex wind field are simulated respec-

tively.

3.1 Sea Ice Flow in a channel with various widths

A channel with various widths is covered by a uniform lay-

er of ice with initial ice thickness t i0 and concentration Ni0. The

layout of the channel is shown as Fig. 3a. Under the constant

wind and current drags, the sea ice flows downstream, while the

ice concentration and thickness change with the particle size.

The input parameters are listed in Table 1.

Fig.3. Distributions of ice particles in the channel simulated with the modified DEM.

Table 1. Parameters used in the ice ridging simulation

Parameter Definition Value Parameter Definition Value

Bl width of channel left side/km 30 L initial ice length/km 190

Br width of channel right side/km 15 D initial ice particle diameter/km 1.0

t i0 initial ice thickness/m 0.2 N0 initial ice concentration/% 80

Ca wind drag coefficient 0.015 Va wind speed/m·s−1 10.0

Cw current drag coefficient 0.004 5 Vw current speed/m·s−1 0.2

ρi ice density/kg·m−3 917 ρi water density/kg·m−3 1 017

µ friction coefficient 0.5 φ friction angle of ice floe/(◦) 46

E young’s Modulus/MPa 10 ∆t time step/s 1.83

With the modified DEM, the ice flow process in this chan-

nel with various widths is simulated, and the locations, veloci-

ty, concentration and thickness of ice particles are determined

at various time steps. The simulated results are plotted in Figs

3–5. Under the given wind and current drags, the sea ice parti-

cles arrive at the end of the bell mouth of the channel after 2.1

d. After 4.5 d, the ice particles arrive at the end of the channel,

then begin to raft and ridge under the drags of wind and cur-

rent. After 11.9 d, the sea ice jams at the downstream boom and

approaches a steady state. From the simulated results shown in

Figs 3–5, we find that this modified DEM can successfully sim-

ulate the dynamics of ice flow. In the figures of ice velocity, we

plot one velocity vector for 4 particles to clearly show the veloc-

ity distribution. In the simulation, the ice particle sizes are ad-

justed under the external forces induced with the wind and cur-

rent drags, and the internal forces induced with the collision-

s between ice particles. Therefore, the concentrations and the

thickness change with the deformation of ice particles. At the

steady state shown in Fig. 5c, the ice concentration has the low

values of 80% at the ice edge, and increases to the maximum val-

ues of 100% when approaching the channel end. The ice thick-

ness also increases from the ice edge to the channel end. At the

time of 4.5 d, the ice thickness at the boundaries of the channel

when ice particles flow out the bell mouth is shown in Fig. 5e.

At the steady state shown in Fig. 5f, the ice cover ridges at the

end of the channel under the water and wind drag forces, and

the maximum thickness is about 1.4 m.

3.2 Sea Ice Dynamics in a Vortex Wind Field

As a benchmark numerical case for sea ice dynamics, the

ice drifting in a vortex wind field was constructed by Flato (1993)

firstly to estimate the PIC method. Herein, this vortex wind field

is also adopted to verify the modified DEM simulation. In this

vortex wind field test, the upper half of the 500 km×500 km

rectangular domain is covered by the uniform ice cover, with

a thickness of 0.2 m and a concentration of 0.80, shown in Fig.

6. The lower half is open water. The vortex wind field is defined

as (Flato, 1993)

W (r ) =min

�

ωr,
λ

r

�

k ×
r

r
, (11)
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Fig.4. Ice thickness velocity distributions simulated with the modified DEM.

Fig.5. Ice concentration and thickness contours simulated with the modified DEM. Concentration (a, b, c) and Thickness (d, e, f)

Fig.6. Vortex wind field and initial sea ice distribution.

where W is the wind vector, r is the distance to the vortex cen-

ter, r is the position vector to the vortex center, and the vor-

tex center position is (250 km, 200 km); ω=0.5×10−3 s−1 and

λ=8×105 m2/s.

The sea ice dynamical porcess in this vortex wind field is

simulated in 5 d with the modified DEM. The initial size of the

ice particle is 5.0 km.Other input parameters are listed in Table

1. In this simulation, the time step is 6 s, the particle size is 5 km.

The simulated ice particles locations, velocities and concentra-

tions on the 1st, 3rd and 5th days are plotted in Figs 6–8. From

the simulatd particle locations shown Fig. 7, it can be found

that the ice flows around the vortex center under the action of

vortex wind. The simulated ice velocity, shown in Fig. 8a–c, has

the similar distribution of the wind field, and is faster around

the vortex wind center. For the ice concentration shown in Figs

8d–f, we can find that the ice concentration increases at the left

boundary, and also has a convergent trend at the wind center.

The ice edge around the vortex center has a sharp shape, which

shows the high precision of this model.



LI Baohui et al. Acta Oceanol. Sin., 2014, Vol. 33, No. 1, P. 56–63 61

4 Conclusions

The dynamics of ice cover peform as discontinuous mate-

rials on large and small scales in the polar and sub-polar oceans.

To model the sea ice dynamics, a modified discrete element

model (DEM) was developed. In this model, the sea ice parti-

cle is treated as an assembly of ice floes with variable conen-

tration and thickness. The interactions of ice particles is calcu-

lated with a viscous-elastic-plastic contact force model. In the

dynamic process of ice drifting, the size of ice particle can be

adjusted under the action of external and internal ice forces.

The concentration and the thickness can also be determined

accordingly based on the conservation of ice mass. The normal

Fig.7. Sea ice particle location and ice concentration simulated with PIC model and modified DEM.

Fig.8.
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Fig.8. Velocity vector and concentration of sea ice simulated with modified DEM. Ice velocity (a, b and c) and ice concentration (d,

e and f).

force between ice particles is limited with the plastic yielding,

which can cause the rafting and ridging of ice cover. With this

modified DEM, two numerical cases of the sea ice dynamics are

carried out. One is the case of ice flow in a channel with various

widths. The other is the case of ice drifting in a rectangular do-

main under a vortex wind field. Both of these cases showed the

reasonable dynamic processes of the modified DEM.

In future studies, the thermodynamics and refreezing of

ice floes will be considered to improve its accuracy. With this

improvement, sea ice growth and drifting in natural oceans can

be simulated with more reliability.
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